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ABSTBACT 

Bacial prejudice is said to inflaence strongly the 
locational decisions of households in urban areas. This paper 
introduces racial prejudice into a nodel of an urban area and derives 
sereral results about residential location. A previously developed 
long-run nodel of an urban area adds a locational disension to a 
■odel of the housing narket under perfect conpetition. The solution 
to such a sodel is a set of prices and quantities that, in addition 
to satisfying the usual profit and utility Mzinization conditions, 
ensures that no firs or household will have an incentive to change 
its location. The sain theoretical contribution of these sodels is 
therefore a locational eguilibriuu condition, which is the price per 
unit of housing services* expressed as a function of location, that 
ensures that no one vill have an incentive to sove. The paper 
exasines the denand side of this type of nodel in sose detail and 
shows how a sinple forsulation of racial prejudice affects the 
locational eguilibriun condition. In particular, housing price 
functions are derived that lead to locational eguilibrius for 
prejudiced vhites and for prejudiced blacks. These functions are 
cosbined to obtain a condition for racial equilibrius such that 
neither blacks nor whites will have an incentive to soye. 
(Author/JH) 
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ABSTRACT 



In this paper^ racial prejudice la Introduced into an urban 
model and resulta about racial discrimination and residential 
segregation are derived. To be specific » a household maxlinlzatlon 
problea Is used to determine the market price-distance function that 
gives no household an Incentive to mve. Prejudice is Introduced 
by assuming that the racial composition of a location affects a 
household^ utility and by deriving » for both blacks and whitest 
prlce«»dlstance functions that reflect racial coii^iositlon. These 
price-distance functions l]i9>ly that if whites prefer segregation and 
some blacks prefer integration* no stable locational equilibrium exists 
for both races without discrimination. 



RACIAL PKEJIDICE AND LOCATIONAL 
EQUILIBRIUM IN AN URBAN AREA 



mTROmiCTION 

Racial prejudice strongly influences the locational decisions of 
households In an urban area, but the relationship between racial pre- 
judice and the pattern of residential location is not well understood. 
In thld paper, therefore , we will Introduce racial prejudice Into a 
wdel of an urbrn area and derive several results about residential 
location. This exercise is useful not only because it helps e3q>laln 
the pattern of residential segre^^ation, but also because it sheds soiae 
li^t on the relationship between prejudice and dlscrlninatlon in housing 

The distinctions among several terns are Important for what 

follows. Prejudice Is defined to be an attitude— an inflexible, 

deeply felt attitude toward a particular group of people. Dls crimination 

on the other hand, is behavior that denies one group of people rights 

or opporti£iltles given to others, and segregation is the actual physical 

separation of different groups of people.^ Although logically 

separate, these three concepts are closely related In the structure 

of American society. It should be pointed out that price discrimination 

is one~but by no means the only — type of discrimination of Interest 
2 

to economists. 

The basic long-run model of an urban area developed by Alonso 
(1964), Mills (1967, 1972), Muth (1969), and others adds a locational 
dimension to a model of the housing market under perfect coii5)etitlon* 
The solution to such a model is a set of prices and quantities that, in 
addition to satisfying the usual profit- and utility-maximization con- 
ditions, Insures that no firm or household will have an incentive to 
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change its location. The nain theoretical contribution of these 
aodels is therefore a locational equilibrium condition » ^ich is the 
price per unit of housing services > expressed as a function of 
location » that insures that no one will have an incentive to nove. 

It. this paper we will examine the deaand side of this type of 
aodel in some detail and show how a simple formulation of racial 
prejudice affects the locational equilibrium condition. In particular^ 
we will derive a housing-price function that leads to locational 
equilibrium for prejudiced whites and one that leads to locational 
equilibrium for prejudiced blacks. These two housing functions will 
be combined to obtain a condition for racial equilibrium such that 
neither blacks nor whites will have an incentive to move. A careful e»- 
smlnation of this racial equilibrium condition provides some Insight 
into the relationships between prejudice and both segregation and dis- 
crimination in housing. 

The long-run perspective of this paper should be eii|>hasisad from the 
beginning. Factors that will be eliminated by the entry of housing 
finm or the movement of households will not be considered here# This 
is not^ of course » to say that these factors are tmimportant. My goal 
in ZhiB paper is to isolate some of the forces that affect residential 
location in the long run. I hope that an understanding of these forces 
will provide a useful complement to the analysis of the factors that 
affect residential location in the short run. 

1. THE DEKAND SIDE OF AN URBAN MODEL 

On the demand side of an urban model, constimers maximize their 
utility over a coiq>osite consim^ition good and housing^ subject to a 
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budget constraint that Includes commuting costs. Consumers are all 
assumed to work in the central business district (CBD) and to choose 
a residential location (as measured by distance from the CBD) as part 
of their maxiulKation problem. In symbols, a household will 

Maximize U(Z,X) 

Subject to Y - P Z + P(u)X + tu 

z 

Where 

U - the household's utility function; 

Z " the coiq>osite consumption good; 

X - housing (measured in units of housing services); 

T " income; 

P - the price of Z (which does not vary with location) J 
z 

P(u) - the price of a unit of housing services at distance u 
t - the cost per mile of a round trip to the CBD. 
The Lagrangian eaqiression for problem (1) is 
L - U(Z,X) + X(Y - P^Z - P(u)X -tu) 
and the first-order conditions are 

(2.1) 3L/3Z - au/3Z - XP^ - 0 

(2.2) 3L/3X - 3U/3X - AP(u) - 0 

(2.3) 3L/3U - -X[P' (u)X + t] - 0 

(2.4) 3L/3X - Y - P^Z - P(u)X - tu - 0 . 

This set of four conditions can be simplified to two conditions 
with more straightforward interpretations. The first two conditions 
can in general be used to eliminate X and Z so that Equation (2.A) can 
be written 

(3) X - D[(Y-tu), P(u)l . 



Equation (3) is the demand function for housing. Without a precise 
fom for the utility function, the demand function cannot be derived 
explicitly. 

Condition (2.3) can be rewritten as 

(4) P'(u)X + t - 0 . 

This equation is the locatlonal equilibrium condition for a household. 
It Indicates that a household will have an incentive to move farther 
from the CBD until it arrives at the location vhere savings in the 
cost of housing are just offset by higher commuting costs. With any 
given P(u) faction, households with different tastes will choose 
different quantities of X and, according to Equation (4) , different 
locations. 

In an urban model. Equation (4) becomes a market condition. The 
locatlonal requirement of market equilibrium is that no household have 
an incentive to change its location; therefore, the solution to an 
urban model Includes the P(u) function that will make households 
indifferes^t to tbelr location. On the basis of the assumption that all 
households with a given Income have identical tastes, the desired P(u) 
function is the solution to the differential equation given by Equation 
(4); that is, the equilibrium P(u) is a function that guaraateefi that 
(4) is met at every location. Hence, a market interpretation of the 
locatlonal equilibrium condition for a single household indicates that 
for hooseholds to be indifferent among all locations in an urban area, 
the higher transportation costs incurred by living farther from the CBD 
must be just offset by a decrease in the amount spent on housing. If 
we find that this condition is met, we will say that households are in 
Iccatlonal equlllbrltim. 
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In order to derive a locational equilibrium condition. Equation 
(3) is substituted into Equation (4) and the resulting differential 
equation is solved for P(u). The differential equation obtained In 
this manner takes the form 

(5) flP(u), P'(u), (Y-tu)] - -t . 

The solution to this equation, which is called the price-distance 
function, consists of the price per unit of houoing nervlces that would 
make consumers Indifferent to their location. 

Note that to find a definite solution to the differential equation 
(5), an Initial condition is required. In the Mills (1967, 1972) version 
of the model, the initial condition comes from the supply side. In 
particular. Mills shows that with a Cobb-Douglas production function for 
housing, a perfectly elastic supply of capital, and e supply of land 
that is proportional to diotance, the price of housing and the rental 
price of land are related by 

(6) P(u) - AR(u)* 

where A is a constant and a is the coefficient of land in the production 
function for housing (1967, p. 117, eq. 9; 1972, p. 82, eq. 5-11). 
Since a city will extend to the location where the price cf land for use 
in housing equals the agricultural rental rate, thp desired initial 
condition is 

(7) R(u) - R 

where 5 is the outer edge of the city and R is the agricultural rental 
rate (1967, p. 119, eq. 15; 1972, p. 81, eq. 5-9). 

' 8 
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In order to make use of this Initial condition, Equation (6) 
acid its derivative with respect to u are substituted i.ito Equation (5) 
tc obtain a differential equation of the form: 

(8) g[R'(u), R(u), (Y-tu)] « -t . 

The initial condition is the particular solution that is used in solving 
(8) for the rent-distance function, R(u), Note that althougjh u is 
determined endogenously in an urban model, the results presented here 
hold for any value of u. 

It should be emphasized that every income class will have a 
different rent-distance function • The income class that lives at a 
given distance from the CBD will be the one that has the highest 
rent-distance function at that location, and it is typically true in 

3 

urban models that groups with higher incomes live farther from the CBD. 
Note also that the introduction of more than one income class coop Ilea tee 
the Initial condition (since only one group can live at the edge of 
the city) but does not change the substance of the preceding analysis. 

2. UTILITY FUNCTIONS AND RENT-DISTANCE FUNCTIONS 

In order to solve the differential equation (5) (or (8)1, one 
must have a specific form for the demand ftmction (3). The usual 
procedure in urban models is to assume a form for (3) , Instead of 
assuming a form for the utility function and deriving the demand 
function from it. The former procedure is followet^. because the deacnd 
functions that can be derived from utility functions are either not 
operational or not sufficiently general for empirical purposes. This 
problem is not, of course, tmique to urban models. Althou^ the use 
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of specific utility functions does reveal something about the form 
the demand function should take» such information has not, in my 
opinion, been sufficiently utilized; indeed, I believe that the forms 
\i8ually assumed for the demand function in an urban model are not 
generalizations of any demand functions that can be derived from a 
utility function. 

The sin?) lest form Tor a utility function is the Cobb-Douglas form 
(written here after a monotonic transformation into natural logarithms)! 

(9) U - c^ log(Z) + cj log (X) . 

As Green (1971) points out, this utility function leads to demand 
functions with several undesirable properties. In particular, the Engle 
curves associated with such demand curves are straigjht lines that pass 
through the origin; that is, the income elasticities are unitary. In 
an urban model, this result means that at any given distance the proportion 
of Income spent on Z and X will not change as income changes, 
A generalization of (9) is 

(10) U - Cj^ log(Z-Sj^) + C2 log(X-S2) 

where 8^ and S2 are what Green calls "survival qxxantltles/' In this 
case, the Engle curves are straight lines that pass throu^t the point 
(s ,s^), and the proportion of income spent on Z and X can change with 



Substituting Equation (10) into the maximization problem (1), we 

have^ 



income. 



Maximize 



U - c, log(Z-sJ + C2 log(X-S2) 
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Subject to 
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Th* iwlATant Lagranglan •xptreuloa ±r 

L - U + X(Y-. Z-P(u)X-tu) 

z 

and th« flrst-^rdcr eoodltiona «r« 

(11.1) 3L/3Z - Cj^/(Z-8j^) - XP^ 0 

(11.2) 3L/3X - C2/(X-82) - XP(u) - 0 

(11.3) 3L/3u - -A(P'(u)X + t) - 0 

(11.4) 3L/3X - y - p z - P(u)X - tu « 0 . 

Bjr aobatltutlng the first two condition* into the fourth, we obtain 
the demanc' fxmction 



(12) X - kjSj + k2(Y-P^8^-tu)/P(u) 



irtvere 

^2 " *^2^^*^1 ~2^ • 
To derive the rert-distasice function, we take the derlvjitive of 
(6) with respect to u, or 

(13) P* (u) - aAR(u)*"^R' (u) , 

whea subatitute (6), (12), and (13) into (11.3) to obtain 
aAR(u)''"V(u)[k^a2 + k2a-Pj«i-tu)/(AR(u)*) ] + t - 0 

or 

(14) dR[k^82aAR(u)*"^ + k2a(Y-P^8^-tu)/R(u)l 

+ du(t) - 0 

where d Indicates a differential. Now asking use of the integrating 
factor 

-ak 

Il(u) 2 , 
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wi find that the general solution to the differential equation (14) im 

ak. -akj 
R(u) SjA - R(u) ^(Y-P^Sj^-tu) - K 

where K is a constant of Integration.^ The InitiiOL condition can th'^n^ 

be jsed to obtain the definite solution 

ale ak **alc 
(15) SjAERCu) ^ - R ^3 - (Y-P^s^-tu)R(u) ^ 

-ak^ 

+ (Y-P^Sj^-tu)R ^ - 0 . 

Since Equation (15) cannot be solved eiqplicitly for RCu), it cannot 
be transfomed back into P(u) or any of che other variables in an urban 
aodel. Nevertheless 9 v« can exaaine the properties of the R(u) In (15). 
Differentiating (15) with respect to u yields 

R« (u) - -t/D < 0 



Where 



D - k^S2aAR(u)*'^ + (Y-P^s^-tu)k2aR(u)'^ > 0 



It can also be shorn that^ 
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R"(u) - t(3D/8u)/(D^) > 0 



In short, althou^ Equation (15) diffe-s In form from other rentals tance 
f mictions that have appeared In the literature,^ its basic 
properties-*- the siffiz ul its slope and curvature^are the sasMi as thoee 
of cthsr rent-distance functions. 

Without a survival quantity for X (the survival quantity for Z 
causes no analytical difficulties and is retained), we slaq^ly replace 

12 
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(12) with 

(16) X - k^Ci'V^B^-txi)/?^ 

and follow the same steps as before to derive 

R'(u)/R(u) - (l/ak2)[-t/(Y-P^s^-tu)] . 

Integrating and taking the exponential of this equation and twklng use 
of the Initial condition, we obtain 

l/ak2 

(17) R(u) - R[(Y-P^s^-tu)/(Y-P28^-tu)l 

It Is easily seen that in this case, as before, 

R' (u) < 0 
R"(u) > 0 . 

As mentioned earlier, only certain types of demand functions can 
be derived from utility functions. One way to generalize Our results 
without referring to a utility function is to include non-unitary price 
and Income elasticities in the demand function (16) . This is the type 
of demand function used, for example, by Mills, with the major difference 
that (Y-tu) instead of T is now the income term. This generalized demand 
function takes the form 

(18) X - k(Y-tu) T»(u) 

By combining Equation (18) with Equations (4), (6), (7), and (13) » 
It can be shown that if 62 ^ -1» 



11 

(19) R(u) - I R** + ihE/a-\)] [(Y-tu) ^ - (Y-t5) ^) | 
and if 62 - -1, 

j 1-e i-e 

(20) R(u) - R exp < [E/ (1-9^)1 [ (Y-tu) ^ - (Y-tu) ^1 

where 

1-6 -1 
E - <aA k) 

b - 8(1+82) • 

In sunmary, the rent-distance functions given by Equations (15), 
(17), (19), and (20) dre bflsed elthBr on denflnd functions thst chd be 
explicitly derived from a utility function or on 8iiit>le generalizations 
of such demand functions. These rent-distance functions^ like those 
of Muth and Mills » have negative slopes and positive curvatures; however » 
our analysis reveals that (Y-tu) — not singly Y as has been previously 
as&uned — is the income term that should appear in the demand function 
for housing. The substitution of (Y-tu) for Y significantly changes the 
form of the rent-distance function (if not its basic properties) ^ and 
will affect the implications of rent-distance functions in specific 
applications » such as the analysis of prejudice that follows* 

3. RACIAL PREJUDICE AND LOCATIONAL EQUILIBRIUM 

The type of prejudice considered in nhis paper can be thought of 
as a disutility of whites or blacks from living with or near menbers 
of the other race. There are two siiiq>le ways to include such prejudice 
in the analysis of the locational equilibrium of households In an 
urban area. The first method^ which is found in the work of Courant 
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(1974), begins with the assumption that there is complete segregation 
In an urban area with one race living in the city center and the other 
living In the doughnut-shaped rest of the city. If ^ites get disutility 
from living near blacks, then some function of distance from the black-* 
white border appears In 'the white utility function. The price-distance 
(or rent-distance) functicm that leaves whites in locational equilibrium 
can then be derived as described earlier. 

Using this kind of ''border model," Courant shows that households 
will be in locational equilibrium only if blacks live in the city center. 
He also shows that if there is more than one income group, rich blacks 
will have an incentive to "hop" over poor whites. Unfortunately, this 
result undermines the original assumption that all blacks live in the 
city center, so that the model must be re-solved with a new assumption 
about the pattern of racial segregation. Not only does this simultaneity 
between locational equilibrium and the pattern of segregation make the 
model unwieldy, it also undermines the single assumption about prejudice 
on which the model is based; since there will be many black-white 
borders when there are many income classes, it is no longer dear what 
to include in the utility function of whites. 

An altetnative approach, which is followed in this paper, is to 
assume that both blacks and whites get disutility from living with 
or near menters of the other race— without making any assunptlon about 
the pattern of racial segregation— and then to investigate the factors 
that affect the locational ueclstons of whites and blacks. The key to 
this approach lies in the formulation of prejudice. As we have said, 
the utility of a prejudiced household will be lower if it has to live 
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with or near members of the other race; therefore, let us begin by 
defining a variable that measures the degree to which a household will 
be with or near members of tl|e other race at any particular location. 
To be specific 9 let us define r(u) to be a measure of the proportion 
of the population at and around location u that is black. . The choice 
of race here is arbitrary; a synnetrlcal argument could be made using 
the proportion of the population that is white. 

One way to define r(u) more con^letely is to say that it consists 
of a weighted stim of the racial coiiq>osltlons of the neighborhoods vlthln 
a certain distance of u (say u*). For example, we might write 



where W is some weighting function and B(u) is the proportion of the 
poptilatlon at u that is black; indeed, it might be desirable to use thm 
ri^t-hand side of the above equation in the analysis that folloM^ 
were it not for the difficulty such a procedure would add to the 
mathematics. In any case, we will assume that r(u) is some measure of 
the racial composition of a location — and in particular a proportional 
measure of its %lackness"~that appears in the utility functions of 
both blacks and whites. 

For white households, the utility function takes the form 



where r(u) is the variable defined above and the "w" subscript indicates 
••white." It is clear that if whites are prejudiced the marginal utility 
of r(u) is negative. 





(21) - U^(Z^, X^, r(u)) 
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It will prove useful to expreBS Equation (2l) in a MiMwhat 

different form In order to Isolate the relationship between X and rCu}* 

According to the view of the housing market used In this paper» the 

quantity of housing services that appears In a household's utility 

function depends on the quantitative and qualitative characteristics 

q 

of the household's dwelling unit and nelgliborfaood. For a prejudiced 
household 9 r(u) Is one of the nel^borfaood characteristics that affect 
housiug services; consequently , we can write 

(22) - H^(X^, r(u)) , 

where H Is the number of units of housing services and X represents the 
n(m«*raclal characteristics of housing* Plugging Equation (22) into a 
utility function yields 

(23) U^-U^(Z^.H^ . 

This modest reformulation of Equation (21) allows us to specify several 
different forms for the Interaction between X and r(u)~via Equation 
(22)-*»and still make use of simple separable forms for the utility 
function of a prejudiced household. 

One straightforward form for the function is 
-d 

H - H r(u) ^ . 
w w ^ ' 

This form Is not acceptable , however » because It Implies that when 
r(u)->0 (that ls» when only whites live at u), is equal to Infinity* 
Prejudice is, to be sure, a powerful feeling, but I doubt that ^'whiteness** 
is infinitely valued by prejudiced whites. 
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Anotiher possible form Is 



d 

- X^(l-r(u)) " . 



but tills form" goes to another extreme: It Inplles that the nunber of 
units of housing services received by a white would approach zero as 
r(u) approached one. 

A ftmctlonal form that avoids these problems Is 

(24) - exp[-d^r(u)] . 

In this case. H equals X In an all-white nel^borhooa and approaches 
w w 

[X^/eiq>(d^)] as r(u) approaches one. This form also lin)lles that the 
change In housing services will Increase with the quantity of housing 
services in the dwelling and decre.ise with the size of the neighborhood. 
In othef words, a black neighbor will have a greater Impact on housing 
services (and hence on utility) for the owner of a fancy house (that Is, 
one that contains a large quantity of housing services) than for the 
owner of a plain house, and a smaller Impact In a large neighborhood 
than in a small one. 

Plugging Equation (24) into a Cobb-Douglas utility function yields 

-d^r(u) 

(25) - c^ log(Z^) + Cj log(X^e ) 

. cj log(Z^ + cj log(X^) - c^ r(u) 

where c - d c». Tlius a white household's maximization problem is to 
w w 2 

Maximize U 

(26) 

Subject to Y - P Z + P^(u)X„ + tu. 
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It l8 Important to note that r(u) does not appear in the budgtt 
constraint of this problemt It Is well known that In the long run the 
ijq>llclt price of a housing characteristic is equal to Its aarginel 
production cost* Ihls conclusion applies to the physical charabterlatlca 
of a house and to the neighborhood characteristics assodatild with that 
house. Furthermore 9 if neighborhoods with a certain characteristic 
can be reproduced in the long run^ then^ tor houses built in such 
neighborhoods t there will not be any marginal cost associated vlth that 
characteristic.^^ Since neighborhoods with any given racial composition 
can be reproduced in the long run, the implicit price of r(u) will be 
zero. 

In the short run, when r(u) has a non-*zero l]q> licit pric^^ 
replaces in the budget constraint of problem (26); howevert no 
matter what the form of the H^-fimctlon (Equation (22) t(u) does not 
affect the locatlonal equilibrium condition in the short tun. This 
result is proved in Note 4 of the Mathematical Appendix. 

The Lagrangian expression for problem (26) la 

L - + X(Y-P^Z^-P^(u)X^-tu) 

and tlie first-order conditions are 

(27.1) 3L/DZ^ - c^/Z^ - ■ 0 

(27.2) 3L/3X^ - c^l\ - XP^(u) - 0 

(27.3) 3L/3U - -c^r'(u) - X (Pj^(u)X^ + t) - 0 

(27.4) 3L/3X - Y - P^Z^ - P„(u)X^ - tu - 0 . 

Since the introduction of prejudice has only affected the locatlonal 
equilibrium condition (27.3), the deoand function that la derived froa 
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conditions (27.1), (27.2), and (27.4) is the same as the function 

12 

derived without considering prejudice (Equation (16)); 



(28) - k2(Y-tu)/P^(u> 

where 

^^2 " *^2^^*^1^2^ * 
The substitution of condition (27.2) and the deaand function (28) 
into the locational equilibrium condition (27.3) yields 

CoP'(u)/P (u) - (c,+c,) (-t)/(Y-tu) - c r»(u) . 

Integrating and taking the exponential of this equation, we find that 



-c r(u) ^^1*^2 
(30) P„(u) - [e * (Y-tu) /K^l 



Where is a constant of Integration. The rent-distance function 
corresponding to Equation (29) is found, using Equations (6) and (7), 
to be 

d (r(u)-r(u)) _ l/ak, 

(31) yu)-Re* [(Y-tu) /(Y-tu)] 

Equations (30) and (31) describe, respectively, the price- and rent- 
distance functions that, for a given racial distribution r(u), would 
■ake prejudiced whites Indifferent to their location; in addition to 
declining with distance from the CBD, the equilibrium rent-distance 
function for prejudiced whites mist also be lower at locations with 
higher concentrations of blacks. 

Prejudiced blacks also choose how ouch housing to buy and where 
to live. A plausible H-f unction for blacks Is 
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(32) H^^ - erp[d^^(r(u)-l)l . 

This function indicates that In an all-black neighborhood equals 
7i^^ and as a neighborhood approa:!hes **vhltenes8»" Rj^ approaches 
[Xj^/exp(d^^)l. 

The utility function for blacks Is thus 

-d. (r(u)-l) 

(33) - c^ log(Z^) + C2 log(Xj^e ° ) 

- c^ log(Zj^) + C2 log(Xj^) + c^^(r(u)-l) 

vhere - C2d^ • Since adding a constant to a utility function is a 
nxmotonic trans format ion , we can rewrite (33) as 

(34) \' logiZ^^) + C2 log(Xj^) + c^r(u) . 

Black households maximize this utility function subjec c to a 
budget coxistraint that, except for the sid>script '^w,'' is the sane as 
that faced by whites. Furthermore, the otily difference between the 
black and white utility functions [Equations (25) and (34), respectively] 
is that r(u) enters the former with a coefficient of c^ and the latter 
with a coefficient of (-c^); thus it can easily be seen that the 
locational equilibrium condition for blacks that is analogous to 
Equation (31) for whites is 

-d. (r(S)-r(u)) l/ak. 

(35) Rj^(u)-Re ^ [(Y-tu)/(Y-tu)l 

For any given r(u), prejudiced blacks will be indifferent to their 
location if Equation (35) is satisfied. 
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4. RACIiO. EQUILIBRIUM 

In order for both prejudiced blacks and prejudiced whites to be 
in locational equilibrium. Equations (31) and (35) oust be satisfied 
slnultaneously; in this section, we will derive an r(u) function that 
makes such a result possible. If blacks and whites with a g:vei. income 
have the sane tastes, aside from their prejudice, then the two rent- 
distance functions will both be satisfied only if 

-d„(r(5)-r(u)) _ . l/ak, 

R^(u)e * - R[(Y-tu)/(Y-tu)] 

d^^(r(5)-r(u)) 
" Rj^(u)e • 

Thus it must also be true that 

(d„+d.)(r(u)-r(G)) 

Rj^(u)/R^(u) - e 

and 

(36) r(u) - [log(Rj^(u)/R^(u))]/(d^+d^) + r(5) . 

This equation describes the function r(u) that will keep both 
blacks and whites in locational equilibrium, given the rent-distance 
functions (31) and (35). When Equation (36) holds we will say that 
m urban area is in racial equilibrium. 

The key to Equation (36) is the term IJnder perfect compe- 

tition, a factor that can be freely transferred from one use to another 
will earn the same return In both uses. In the short run, there is 
vndoubtedly some cost to transferring land from the production of housing 
In white nel^borhoods to the production of housing In black neigjiborhoods 
(that Is, changing tY\ racial coaposition of the neighborhood around 
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a given unit of land but in the long run~and this is a long-run 
model^these transfer costs will disappear* Thus if both races live 
at u, equals unity, log(R^/R^) equals zero, and 

(37) r(u) - r(G) 

Equation (37) indicates that, given our assumptions about pre«- 
judice, the only continuous function r(u) that insures that both blacks 
snd whites will be in locatlonal equilibrium is one in vhich r is constant 
for all values of u« Since a complete urban model would include 
conditions guaranteeing that all blacks and all whites be supplied 
with housing, this result is equivalent to the statement that, at all 
values of u, r(u) must be equal to the ratio of the total nuober of 
blacks to the total population of the urban area. Note that if r(u) 
is a constant, the equilibrium price-distance function reflects, as it 
does when prejudice is not considered, the higher transportation costs 
at hi^er values of u^ and the constant value for r(u) guarantees that 
no household can gain utility by moving away from the race against 
which it is prejudiced. 

Althou^ Equation (37) describes the only continuous racial 
equilibrium, it is by no means the only racial equilibrium when there 
la prejudice. In fact, in this model any completely segregated 
8olution~any solution in which only blacks or only whites live at 
each dlstance-^ill have the same price-^distance ftmction as the model 
without prejudice and will be an equilibrium. Ftirthermore, such 
segregated solutions clearly represent a gain In utility for both blacks 
and whites; the trade-off between housing costs and transportation 
costs is the aamt for the integrated solution as for any such segregated 

23 
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•olutlon, but In the case of segregated solutions no household has 
any disutility from living with menbers of the race against vhich it is 
prejudiced. In other words, if both groups are prejudiced, coi^plete 
segregation is Pareto-superior to Intagratiout 

The logic of the racial equilibrium condition also tells us sons-* 
thing about the dynanics of neighborhood chsnge in this sodel. Starting 
froa an integrated equilibrium, a small Increase in the proportion 
of the population that is black at a given distance will give blacks 
an incentive to laove to that location and whites an incentive to movs 
sway from it. Such moves will change the racial composition of other 
locations and, in turn, stimulate more moving. This process will con- 
tinue until some completely segregated solution is reached. The model 
does not Indicate, however, what the resulting segregated solution 
will look like. Therefore, unless everyone expects Integration to be 
enforced by, say, the government, the Integrated equilibrium is hl^y 
unstable; in the long nm, prejudice of the form we have described is 
alflK>8t certain to lead to complete segregation • 

It Is also interesting to note that Equation (37) is the appropri- 
ate condition for racial equilibrium In the case of reverse jprejudlce— 
when either blacks or whites (or both) prefer to live with meiibers of 
the other race. According to our formulation, reverse prejudice simply 
involves a change in the sign of the coefficient of r(u) in the utility 
function of the group or groups with reverse prejudice; the derivation 
of Equation (36) is therefore still appropriate. As long as d^ is not 
equal to (-d|j)» the first term of Equation (36) will equal sero and 
perfect integration %#111 be the only continuous racial equilibrium. 
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13m •quality of and (•sl^) rapraaanta tha uiUkaly altuatlon in 
ithich uhitaa and blacka hava idantical taataa for racial ooapoaitioa. 
In thia casa jmj, r(u) la cooaistant with racial aqulllbrltfi. Mota 
alao that ravarM prajudica aliadnataa tha poasibility of a aagrafatad 
aquilibriuB, elnca houaaholda with ravaraa prajudica havt an Incantiva 
to Bova into araaa inhabitad by tha othar raca. In shortt tha only 
racial aquUlbrlai nhan thara ia ra\araa prajudica is tha unstabla 
aquilibriuB of parfact intagration. 

Tha raaults of recent aurvaya of tha attitudaa of urban blacka 
Indicate that blacka differ on tha neighborhood racial cooposition 
they prefer. Many blacks prefer racially aixad nei^boifaoods; others 
innt to live in all-black naighborhooda.^^ Theae aurvays are auMariaad 
by Pettigrew (1973). Thua it la appropriate to include groupa of 
blacks with different tastes In our aodal and to add a third category— 
preference for a racially alxed ne hbothood~to the two extraaa 
categorlea of prejudice and reverse prejudice.^ To be specific, if 
two groiqM of blacks, one with prejudice and one with a praferanca for 
a racially aixad neighborhood, are included in the preceding analysia* 
it is clear that tha perfectly integrated solution is still an unatabl^ 
aquUibriuB. Pttrthan»re, no coifcinatlon of aegragatad end integrated 
ragiona In sn urban area will be a atablo aquillbrlua. Prajudicad 
bUeka wlU be in aquillbrluB whan they are segregated fro« i*ltea, but 
blacka who prefer Integrated nei^iborhooda will not ba In aquUibrlua 
mlaaa they are living with whites. If som Integration does take pUcSj 
however, a saall decrease in r(u) In one of the integrated neig^orfaoods 
would give whites an incentive to move to that location. This would 
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cauM changes in r(u) at other locations > thereby causing other 
■ovesy and so on. Thus the conblnation of prejudice and either reverse 
prejudice or a preference for racially alxed arear la an unatable 
co^ination: no race-distance function %d.l] prove a stable locatlonal 
equilibrium for every group. 

The addition of aore than o* e income group doea not aigpificantly 
change these results. Each incone group will live in that range of 
values of u vfaer^ its rent^^dlstance function la hi^er than that of any 
other group. Within each income g^oup, prejudice (or reverse prejudice) 
will affect location in the manner we have deacribed for one income group* 
The perfectly segregated solution will Involve a different proportion of 
blacks for different Income v^laases, but a constant proportion of 
blacka throughout the distance occupied by any given claas. The list of 
aegregated aolutions will include any conbinatipn of all«black and all- 
white locations that does not involve the mixing of Income classes. 

It will prove instructive to conclude this discussion of racial 
equilibrium by examining another possible type of racial equllibriuit: 
one in which Equation (31) holds In some locations snd Equation (35) 
holda in other locations. For exaapie, take the caae in whif.ch locations 
with a white majority are located in the ou:;er part of the city and 
have a rent-distance function given by (30), whereas the centralised 
black locationa have the rent-distance function (35). In thia aituatlon^ 
cospetition would Insure that at the border between the black and lAlte 
areas, rent would be the same tAen calculated by either function. Thus 
the :'iiitial conditions for the rent-distance functions would be: 



for R^(u) 5 R^(u) - R ; 

for Rj^(u): • ^^U*) t 
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Thia case can b« lllttsttattd in a diagram aa follows: 
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An analysis of this diagram reveals that It cannot represent an equili- 
brium. If everyone Is prejudiced, then no one will be willing to pay 
the land rent in the area where a majority of the residents are of the 
other race; complete segregation will Inevitably result. And we have 
already shown that if some blacks want to live in racially mixed areas, 
those blacks and whites will both be in equilibrium only if the blacks 
are evenly distributed throughout the white ar^a. In either case, the 
racial term will drop out of the rent-distance function. Note that 
these results will hold for any confctnation of Equations (30) and (35), 
not just for the example presented here. 

In suoraaryp the analysis in this section results in four main 
conclusions about racial equilibrium vhen prejudice takes the form 
we have postulated: 

1. If there Is conq^lete segregation or perfect integretionp 
racial coiiq>o8ition will not affect the rent-distance function. 

2. Conqjlete segregation is a stable racial equilibrium only in 
the case of prejudice on the part of all blacks and all ^ites, 

3. Perfect Integration is an unstable racial equilibrium In the 
case of prejudice p reverse prejudice^ or the desire to live 
in a racially mixed area. 

4. If any group of blacks or whites has reverse prejudice or the 
desire to live In a racially mixed area, then there exists 

no stable racial equilibrium. 

5. AN ALTEBMATIVE SPECIFICATION OF PREJUDICE 

In the preceding section a multiplicative form was used for the 
H-f unction (Equation (22)) in order to derive results about locational 
equilibrium; In this section we will show that the same results an be 
obtained using an additive form. An additive specification of the 
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Ehfunctlon for iwhite consuners can be written 

(38) - - 

BO thet equals in acu all-^hlte neighborhood and approaches 
(X^.*a^ as a neighborhood becomes all-black« Equation (38) iaplies 
that the effect of a black neighbor on decreases with neis^boxhood 
size» but» unlike the nultiplicative for0» it also Inplies that the effect 
of an additional black neighbor does not depend on the level of 

When Equation (38) replaces Equation (24) In the SHUciwisation 
problem (26) » one can derive » as shown In Note 5 of the Hathematical 
Appendix^ the folloving locational equilibrium condition for lAites:^* 

k k ^k-» ^k 

(39) a^lP(u) ^r(u) - f - I(Y-tu)P(u) ^ - (Y-tu)F ^] - 0 . 

An additive H> function for black conaunars takaa the foni 

(40) - - ajj(l-r(u)) 

so that equals Xj^ in an all-black neighborhood and approaches (Xj^-a^^) 
as a nel^borhood becomes all-white. By plugging (40) into « aaxlad- 
xatlon problem for a black consumer analogous to problem (26) for 
whites, one obtains, as shown In Mote 5, the locational equilibrium 
condition: 

(41) a^lP(u) ^(l-r(u)) - P ^(1-i)] - [(Y-tu)P(u) - (Y-tu)P - 0 

The racial equilibrium condition, which Is derived in Hote 5 by 
equating (39) and (41), Is 

k„ 



(42) r(u) - (P/P(u)) ^(?-A^) + 



29 



27 



where 

Although this condition is somevhat difficult to interpret^ it is 

« 

shown in Note 5 that Equation (42) is consistent with locational 
equilibritun for both blacks and whites if and only if 

(43) r(u) - constant. 

Equation (43) implies that with an additive H*-function perfect 
integration represents a racial equilibrium. Furthermore, inspection 
of Equations (39) and (41) reveals that if Equation (43) holds , then 
r(u) drops out of the locational equilibirum condition. The analysis of 
the multiplicative case in the preceding section can also be used in the 
additive case to show that complete segregation is a stable racial 
equilibrium when all blacks and all whites are prejudiced and that 
there exists no stable racial equilibrium when some group has reverse 
prejudice or a preference for integration. In short, all four of the 
conclusions on page 25 are valid for both multiplicative and additive 
H-f unctions* 

6. PBEJUDICE AND DISCRI!iINATION 

Although discrimination against blacks has not been considered 
in the derivation of racial equilibrium conditions » the analysis of 
those conditions provides two Important Insights Into the phenomenon 
of discrimination. 

First, we have shown that as long as some blacks want to live in 
radcally nixed areas, there is no stable locational equilibrium in 
areas Inhabited entirely or partly by whites: if the price-distance 
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function In those areas reflects vhlte prejudice , then blacks ^o 

prefer nixed neighborhoods cannot be in equilibrium; and if the 

priced-distance function does npt reflect vhlte prejudice, then whites 

will want to nove to those areas with the fewest blacks. In either 

case 9 whites will be uncertain about the future racial composition of 

their nei^borhoods. To the degree that this type of uncertainty 

involves disutility for whltes---and I suspect that it Involves considerable 

distttility~^ite8 will have an Incentive to discrinlnate against 

blacks by restricting them to certain areas* If such restrictions 

are possible » then an equilibrium can be attained when r(u) is deterwlnad 

by discrimination against blacks and the rent«-distance function is 

given by Equation (31)* It is appropriate » therefore , to restate the 

fourth conclusion from Section 4 as follows: 

4S If any gro\q> of blacks or whites has reverse prejudice ot 
the desire to live In a racially mixed aiea, then there 
exists no stable racial equilibrium without dlscriminatiott* 
If discrimination against one group is possible , then an 
equilibrium can be obtained when r(u) Is determined by 
discrimination and the price^istance ftmction is the one 
derived above for the discriminating grotq>« 

The second Insijdit provided by our analysis is that r(u) drops 
out of the price-*distance function for every equilibrium that does not 
involve discrimination; therefore, if r(u) is found to have a significant 
coefficient in an empirically determined priced-distance function, it 
follows that either 

a* the area is not in locational equilibrium, or 

b« there is discrimination* 
If one has reason to believe that the area under study is close to 
locational equilibrium^ then one can infer somsthing about the nature 

o 3i 
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of the dlscrlninatlon that Is taking place. To be specific, a price- 
distance function v.hat takes the form given by Equation (30) implies 
that r(u) is det(*nalned by discrimination against blacks and that the 
price-distance function keeps whites in locational equilibrium. 
(Similarly, an empirically determined price-distance function that 
takes the form given by (35) Implies that there is discrimination 

against %fhite8.) 

We have shown that the only way to obtain a stable pattern of 
racial composition in an urban area in the long run is by discrimination. 
Thus, to the extent that stability is valued by the white conwmity. 
whites will have an incentive to discriminate against blacks. Another 
way of stating this result is that stability is a public good for the 
vhite community that can be purchased with discrimination. A diacussion 
of the institutions that have developed for the purpose of purchasing 
this public good is beyond the scope of this paper; suffice it to say 
that the preponderance of stable white suburban communities testifies 
to the success of those Institutions. 
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MAXHBMAIICAL PENDtX 

Mott i 

In thiM note W6 will prove that 
ih/^u^ > 0 

(Al) •,AtR(u) ^ - R ^] - (Y*-tu)R(tt) * -I* (t«-ttt)J * « 6 



and 



t* - Y ^ P 8- . 

z 1 



Proof. Taking the derivative of (AI) with rati^et to tt, «• fltt^ 

that . 

ak,-l -akj-l 
ak^SjARCu) ^ R'(u) + akjOTA-tumu) * R»(tt) 



+ tR(u) - 0 



or, aine* ■ l->k2 » 



R'(u)takj82AR(u)""^ + Bk^Ct^-tmi^fh - -t . 



Ihia eqiiution can be retrrltten aa 
(A2) R' (u) - -t/D 



Where 



D - akj^fljARCu)*"^ + ak2(Y*-tu)R(u)"^ . 
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Now glnce R(tt)-~>the price of land^-ls mhncft positive «&d aiatt *11 
of a conauiMr's Incow is not spent on transpoiltation so that (T*^ttt) 
is positive, D will always be greater than cero; thertfoire, by (A2), 

R'(u) < 0 . 

Taking the derivative of (A2) with respect to u, ve himi 

(A3) R"(u) - tOD/3u)/(D^) 

where 

(A4) 3D/3u - (a-l)ak^S2AR(u)*"^R'(u) 

- ak2(Y*-tu)R(u)"^R'(tt) - tiJtjRU)"^ . 

Thus R^Ctt) viU be positive whenever (A4) is fosltive iilid (A4) will 
positive if 

R'(u)[(a-l)S2AR(u)*"^ - •k2(Y*-tujR(u)*'^] > tskj I 

that is, if 

(A5) -R'(u)[Bl > takj 

lAere 

E - (l-a)ak^82AR(u)*"^ - ak2(t*-tu)»(u)'*^ . 
To detendne when (A5) will hold, note from (A2) that 
-R'(u)[Dl - t 

or 



-R'(u)[D(l-a)l - t(l-a) . 



ERIC 



34 



33 

«ow, by definition, 

E - (l-a)K^ - 

and 

D(l-«) - (i-a)Kj + (i-a)K2 

Kg - ak2(T*-tu)R(u)"^ ; 
therefore, since both a and are positive, 
E < D(l-a) 

and 

(A6) R'(u)E > R'(u)rD(l-a)l - t(l-a) 
liirthemore, since 

a - .2 (see Mills, 1972, p. 80) 
- C2/(c^+C2) < 1 , 

then 

(A7) tak2 < t(l-a) 

and 



(A8) R'(u)E > t(l-a) > tak2 * 
Thus condition (A5) Is fulfilled and R"(a) > 0. Q.B.D. 
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Not* that a aufficiant condition for (A7)'—«nd hence fot (A5)— to 
hold Is that ^ be less than or equal to 0,5, 

Note 2 

Our task in this note is to derive a renti-dlstanoe function using 
the deasnd function 

(18) X - k(Y-tu) TP(u) ^ , 

The other relevant equations are 

(6) P(u) - AR(u)* 

(13) P'(u) - aAR(u)*"^'(u) 
(4) P'(u)X + t - 0 

(7) R(S) - R , 

Plugging (18), (6), and (13) Into (4), we obtain 

6 6 

(AlO) aAR(u)*"^'(u)k(Y-tu) ^[AR(u)*l ^ + t - 0 



or 



1+e, B-i e, 

aA ''kR'(u)R(u) - -t/[(Y-tu) ^] 



where 



B - a(l+e2> • 



Rearranging, this equation becomes 

B"l —O 
(All) R(u) R'(u) - E(-t)(Y-tu) ^ 



36 



ERIC 



35 

vhere 



1+e, -1 

E - (aA \) 



Now if B ^ 0 (that is, if ^ -1) , Integrate both sides of 
(All) to find that 

B l-^i 
R(u)°/B + - E(Y-tu) V(l-e^) + 

or 

1-e, i/B 

(A12) R(u) - [BE(Y-tu) V(l-e^) + BC] 

where C • - Cj^ is a constant of Integration. Now using the initial 
condition (7) to solve (A12) for C, we have 



l-Q, 1/B 
R(u) - R - [BE(Y-tG) V(l-e^) + BC] 



or 



-B 1-^1 
(A13) C - (R /B) - E(Y-tu) V(l-e^) . 

Plugging (A13) back into (A12) yields 

_B 1-e, 1-6- 1/B 

(AlA) R(u) - R +BEt(Y-tu) ^ - (Y-tIi) 

Mills's result (1972, p. 83, eq. 5-lAa) , which uses Y Instead of 
(Y-tu) In (18), is 

R(u) - IR* + BtE(i;-u)l^^^ . 



If B - 0 (that is, if 02 - -1) , then (All) becomes 
(A15) R'(u)/R(u) - E(-t)(Y-tu) ^ . 
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Integrating, «• find thfit 

1-e 

lot[R<u)) + - E(Y-tu) V(l-8 ) + C, 

or 

1-e 

(A16) R(u) - C «tp[E(Y-tu) V(l-e^)l 

yitfv C • aapCCj-Cj^) it a constant of intagratlon. 
Solving for C using (7), «• find that 

R(u) - R - C McptEOr-tu) ^/ (1-8^)1 

or 

1-e, 

(A17) C - R axpf-ECY-tS) ^'(1-8^^)) . 

Thu« 

( 1-e, 1-e, \ 

(A18) R(u) - R e«p <B[(T-tu) ^ - ff-tG) H/U-ej) / . 
This cjtQ be coq;>ared with Mills's result (1972, p. 83, aq. 5-14b)i 
R(u) - R exp[tE(u-u)] , 

Hots 3 

In this note we will show (a) that the second order eonditieos of 
problea (1) In the text require that ?"(\x) be positive, and (b) that 
if R"(u) is positive, P^Cu) will also be positive. 
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By totally differentiating the first-order c<mditi<m» (2), one 
obtains the follovlng bordered Hessian for problem (1): 



"xz "xx 



-XP' -XXP" -(P'X+t) 



-P^ -P -(P'X+t) 0 



- |H| 



since, for a oaxlinum, the principal minors of this Hessian nust be 
alternately positive and negative starting with Ih^U and since, by 
(2.3), P'X+t - 0, we know that a msTimum requires that 



-XP' -xiap" 0 



-p 



> 0 



or 



P^XXP" > 0 . 



Since A and X are positive, this condition is equivalent 



P" > 0 . 



Nov since P - AR , 



P« - aAR*"^R' 
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and 

- aAR**^t(a-l)R'/R + R"l . 

iiirthcraox*, sine* 0 < a < 1; R' < 0; and A, R > 0; P" will claArly al«*jr» 
^a poaltlva if R** la poaltive. 

Hota 4 

In tha abort run. a white houaahold attaapta to 
Maxlodta U(Z,H) - log(Z) -t- log(R^ 
Subjact to Y - P.Z + P(u)H„ + tu 

- H^(X^, r(u)) . 

In this note ve ^11 thov that the short-nm locatlontl •quillbrlim 
ccmdltlon derived from this problem does not contain racial coapoeltloii 
as an argmsnta 

The Lagranglan for tl.e above problem Is 

L - Cj^ log(Z) + C2 log(^) + Xtt - VZ - P(u)^^ « tul 

and the flrst«*order conditions are 

^UVL - Cj^/Z - XP^ • 0 

3L/3X - (c2/H^(3H^/3X)-XP(u)(3Hy3X) - 0 
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3L/3U - CjOH^/aOrVH^ - XP'H^ - XP(3H^/3r)r^ - Xt - 0 
3L/3X - Y - P Z - P(u)H - tu - 0 . 
the firat two conditions can be usad to alinlnate X as follows i 
c,/(P^Z) - Cj/PH^ 



or 



Z - CjlPH^/CcjP^) . 



Substituting for Z in the fourth condition, we obtain the deaand fuaetiont 
T - CyPU^/c^ - PH^ - tu - 0 



or 



(A19) - C2(y-t«>/t^(<TL"*'*^2^' * 
How by ellMinating X from the locatlonal equilibrium condition (the third 
first-order conditicn above), we find that 

C2(3H^/3r)rVH^- (cj/PH^XP'H^) - (Cj/PH^ tP(3H^/3r)r^l 
- (cj/PH^t - 0 



or 



C2(3H^/3r)r^/H^ - CjP'/P - C2(3H^3r)r^/H^ - c^t/PH^ - 0 



or 



(A20) CjPVP - C2'^w 
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Plugging In the detottnd function » the locatlonel equlllbrlun condition 
becomes 

CjP'/P - CjtPCc^+cp/cjPCy-tu) - 0 . 

or 

CjP^/P - t(c^+C2)/(Y-tu) e 

Thus r(u) dropa out: racial coiqposltlon does not appear In the short«»run 
locatlonal equiUhrluai condition. 

Note S 

In this note a long-run racial equilibrium condition Is derived 
for the case of an additive B-fonctlon. 
The vhlte consumer's problem Is to 

Maximise U(Z^, H^) 

- c^ log(Z^ + Cj log(H^ 
Subject to - ^w'^^"^ 

Y - Pj^Z^ + P(«)X^ + tu . 
Ihe Lagranglan for this probleiii is 

L - Cj^ log(Z^) + Cj log(X^ - a^r(u)) 
+ X (Y P^Z^ + ^(">^w 
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and th* first-order conditions are 



(A21) 3L/3Z„ - c,/Z^ - XP, - 0 

V X V z 



(A22) 3L/3X - C-/H - )^(u) - 0 

W ^ w 

(A23) 8L/3u - (Cj/H^X-a^r') - X(P'X^ + t) - 0 

(A24) 9L/3X - Y - P Z - P(u)X - tu - 0 

z w w 

The demand f unction » which Is derived by using (A21) and (A22) to 
eliminate X and from (A24)» la 

(A25) - k2(Y-tu)/P(u) + kj^a^r(u) 

vhere 

The locatlonal equilibrium condition Is then derived by substituting 
(A22) and (A25) Into (A23) to obtain 

(f'/P(u))[k2(Y-tu)/P(u) + k^a^r(u)l + t/P(u) - 0 



or 



(A26) dr[a P(u)l + dP[k2(y-tu)/p(u) + k « r(u)l + dutt] - 0 



where d indicates a differential. 
Using the integrating factor 
P(u) 
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the solution to this total differential equation Is found to be 

1— k — k 
(A27) a^P(u) ^r(u) - (Y-tu)P(u) ^ - 

vhere Is a constant of integration. The initial condition for (A27) 



(A28) P(5) - f 

so that the market locatlonal equilibritm condition Is 

(A29) a rP(u) ^(u)-f - ((Y-tu) P(u)^ - (Y-t5)F^] - 0 
.w 

The black consuaer's problem Is to 

Maximise U(Zj^, H^) - Cj^ logCZ^^) + Cj logCH^^) 

Subject to Hj^ - - ajj(l-r(u)) 

Y - V^Z^ + + tu . 

The Lagranglan for this problem is 

L - Cj log(Z^) + Cj logtXj^ - a^(l-r(u))] 
+ X(Y - P^Z^ - P(u)Xjj - tu) 
and the first-order conditions are 
(A30) 3L/3Z^ - c^/Z^ - XPj - 0 

(A31) 3L/3Xj^ ■ '^2^"b " ^^^^^ ■ ° 

(A32) 3L/3U - (C2/Hj^)aj^r' - X(P'Xjj+t) - 0 

(A33) 3L/3X - Y-P^Zj^ - P(u)Xj^ - tu - 0 . 
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Following the saae steps as with the white consumer's problem, 
one can derive a demand function 

(A34) - k2(Y-tu)/P(u) * a^jk^(l-r(u)) 
and a locatlonal equlllbrltm condition 

a^r» - (P'/P(u))[k2(Y-tu)/P(u) + ajjkj^(l-r(u))] - t/P(u) - 0 



or 



(A35) dr[a^,P(u)] - dPtkj (Y-tu)/P(u) + k^a^(l-r(u))] - du[tl - 0 . 

-k. 

Using the Integrating factor, P(u) ^, the solution to (A34) Is fouad 
to be 

1-k, -S 1-^2 

(A36) aj^P(u) ^r(u) + (Y-tu)P(u) * - a^P(u) - 

where Is a constant of Integration. 

Using the initial condition (A28), this becomes 

(A37) a^[P(u)^^(l-r(u)) - P^\l-?)1 - t(Y-tu)?(u) - (Y-tu)P . q . 

The racial equilibrium condition is found by equating (A29) and 

(A37) and solving for r(u). Thus, 

k k k k-i 

fl^[r(u)P(u) ^ - ? P ^] - a^,tP(u) ^(l-r(u)) - P (1-?)1 



or 

k 



(A38) r(u) - (P/P(u)) ^(^-A^) + 
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Where 

Finally, we will prove that (A38) Implies that there will be 
racial equilibrium if and only if r(u) is constant. 

If r(u) is constant 9 there will clearly be racial equilibrium 
because in that case r(u) drops out of the market locational equilibrium 
conditions (A2S) and (A37). 

The ''only If' part of the proof is more complicated. We will 
proceed by showing that a non-constant P(u) function leads to a 
contradiction* If there Is to be racial equilibrium, then the individual 
locational equilibrium conditions for whites and blacks , (A26) and (A35) » 
must both be satisfied, thr^ Is, it must be true that 

(A39) r'a^P(u) + P'kj^ a^r(u) - -P'k2(Y-tu)/P(u) - t - 

- r'aj^P(u) + P'k^ aj^[l-r(u)l . 

Substituting (A38) and its derivative with respect to u into (A39) , we 
find that 

k. 

(MO) (P/P(u)) ^(r-Aj^)(k^-k2)PHa^+aj^) 
But since 

a^(l-i^) - a^A^ - aj^aw/(a,^+a^) - a^ab/(aj^+aw) - 0 , 

the second ter.u in (A40) drops out and one can substitute (A38) into 
(A40) to obtain 

er|c ^ 
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(r(u)-i^)(k^-k2)P'(a^+a^) - 0 

or 

(A41) r(u) - . 

Since l8 a coastant^ (A41) contradicts our assunption that r(u) 
la not conatant. Thua racial i^qulllbrlum la poeslble If and only If 
r(u) la constant. 
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FOOTNOTES 



^or a nore coaplete dlscuaslon of these terns » see Slnpaon and 
linger, 1972, ch. 1. 

2 

Thurov, for example, lists seven types of dlscrloilnation of 
Interest to economists (1969, pp. 117-118). 

3 

For one proof that higher-lnconie groups live farther from the 
CBD, jee Mills (1972, pp. 85-88). See also the derivation of Equation 
(14) in Muth <1969, p. 30). 

4 

In performing this maximization problem, we are implicitly 
assuming that the consumer has at least enou^ Income to purchase the 
survival quantities of Z and X. 

5 

In checking this result it is helpful to note that ^2 * ^* 

proof is given In Note 1 of the Mathematical Appendix. Note 
2 shows that the second-border conditions require a positive curvature 
for F(u) and that if R"(u) Is positive, this condition will be satisfied. 

^Cf. Mills (1967, p. 121, eq. 22); Hills (1972, p. 83, eqs. 5*l4a 
and 5-14b); and Muth (1969, p. 72, eq. 3). 

^These results are derived In Note 3 of the Mathematical Appendix. 
The corresponding results from Mills (X972) are also presented for 
comparison. 

9 

For a discussion of this conceptualization of the housing market, 
see Muth (1960) or Olsen (1969). 

^^To obtain these results, write r(u) « B(u)/N(u) where B(u) is 
the black population at u and N is the total population. Now assume 
that N is constant (so that the addition of a black neighbor implies 
the loss of a white neighbor), and differentiate (24) %d.th respect 
to B to find that 

DH^DB - exp(-d^B/N) (-d^/N) - -d^H^/N , 

vhere, to avoid confusion, D denotes a derivative. 

^^For a more complete discussion of this result, see Hamilton (1972), 
and Ylnger (1974, sec. II. I). 



ERLC 48 



48 



^otm that In order to 8l>q>llfy the notation, the eurvivml 
quantltlee have been left out of this analysis; therefore, the firsts- 
order conditions (26) (rtiould be^ coopered to the conditions (11) vith 
s. snd s^ aqual to saro. Sinilarlyt the deasnd function (28) should 
bi cooparad to (16) when s. equals sero. Alternatively, the survival 
quntity f or Z be included in the following analysis aiaply by 
reinterpreting Y to be (Y - Tfj^i) • 

^^See Yinger, (1974, sec. II. I). 

^Sr«f#rence for a racially mixed neighborhood reflects Mny different 
ettitudes, including racial prejudice and the desire for high-q«*lity 
schools and other local public services* Thus a preference by blacks 
for integrated neighborhoods could exist despite strong black prejudice 
against whites. In this paper we will sake no attenpt to distntsngle 
the effects of these various attitudes. 

^^The preference for a racially laixed nei^borhood ni^t correspond 
to an H**function of the form 

"g " ^g ^^^^"^g^^g " 
for any group g» where r* is the most desirable racial composition* 
Althou^ the derivation is somewhat more complicated. Equation (37) 
can be derivei! for any two groups with H-functions of this form. 

^^In order to simplify the derivations of the locetional equili- 
brium conditions in this section, the tranaformation into rent wm 
not performed, and the initial condition (7) was replaced by 

P(tt) - P . 

Furthermore, e single P(u) function was used in both the white and the 
black consumer maximization problems — that is, the equality of \W 
and P|^(u) was assiSMd. See pages i9«-20. 

^^There have not been, to my knowledge, any atteapts in tba 
litereture to estimate price--distance fmictions in forms detarminad 
by urban models. One possible estimating procedure (along with aoma 
Illustrative regressions) is presented in Yingar (1974, sec. 1#7)# 
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